A method for obtaining phases of low-order reflections is presented. It is based on four observations: (1) the electron density inside proteins is smooth and uniform at low resolution.
Introduction
The phase problem is still a rate-limiting step in many macromolecular structure determinations by X-ray crystallography. The most widespread phasing techniques used in protein crystallography today are multiple isomorphous replacement (MIR) (Blow & Crick, 1959) and multiwavelength anomalous dispersion (MAD) (Hendrickson, 1991; Smith, 1991) . These methods often suffer from large phase errors, particularly at high resolution and are also time consuming. Density modification is a method that reduces these phase errors and extends the phases to higher resolution (Podjarny, Bhat & Zwick, 1987) . Sj61in & Svensson (1993) have used solvent flattening (Wang, 1985) in combination with maximum entropy in order to improve the performance of density modification. Main and coworkers used a combination of histogram matching, Sayre's equation (Sayre, 1952) and density modification (Main, 1990; Cowtan & Main, 1993; Zhang & Main, 1990a,b) to obtain better phases. A number of interesting developments in direct methods and maximum-entropy calculations have shown promising results when applied to small proteins at atomic resolution; see for example Gilmore (1992) ; Bricogne (1993) and the 'shake and bake' method (Weeks, Hauptman, Smith & Blessing, 1995) . Despite recent advances in direct methods and maximum-entropy calculations, these techniques do not yet present a general solution of the phase problem and the challenging task of solving the phase problem/or macromolecules still remains.
In most structure determinations of macromolecules not much attention is being paid to the very low resolution reflections. Indeed, quite often data before 15 or 20,~, is not even measured. However, during the past few years the interest in low-resolution data for ab initio phasing has grown (Lunin et al., 1995; Urzhumstev & Podjarny, 1995) . The phases of the lowest order reflections are dominated by the molecule as a whole and thus carry the information of the shape and size of the molecule (Kraut, 1958; Teeter & Hendrickson, 1979) . Subbiah (1991) has tried to find the shape of the solvent, using a method where a simulated gas of hard point scatterers are moved around in the unit cell until they condense in a cluster under the constraint of the solvent fraction and the restraint of the observed Fourier amplitude data, IF,,I. The condensed cluster defines the solvent and thus inversely also defines the envelope of the molecule. A similar method has been developed by Harris (1995) .
Several of the previous methods exploit the fact that the solvent regions outside the protein molecule have a uniform density. We now try to make use of the fact that the density inside the protein is also quite uniform at low resolution. If it is justified to approximate the protein shape as a sphere, we only need to determine three unknowns, the x, y, z coordinates of the centre of gravity of the protein, from the ten or so lowest reflections, to be able to estimate the phases at low resolution. This problem should be over-determined.
The method relies on the assumption that the centre of gravity of a protein sphere will scatter in phase with the whole protein to a certain d value (see Fig. 1 ).
We believe that this method can provide correct phase information for low-resolution reflections of unknown protein structures provided these reflection intensities, which are normally discarded in protein crystallographic work, are accurately measured.
Methodology
Structure factors and phases were calculated in two ways: all the non-H atoms were given (a) their respective scattering factor of C, N, O atoms etc. and (b) an equal scattering factor, namely that of carbon. The amplitude difference between these calculations 4A the total scattering from all atoms will be 180 ': out of phase with the centre of gravity since the sum of hatched segments is larger than the sum of the white segments. (d) The total scattering of the atoms in the hatched segments again equals the white segments and the total scattering will be zero. This situation represents the second cross-over, at d = 16.3,~.
was less than 5%. In fact, the bigger the globular proteins are, the more uniformly distributed are the atoms which results in a smaller difference in amplitudes, R = ~ IF, ~, -FfI/~F,~., where the superscripts a and b are the protein and the carbonapproximated protein, respectively. The following five proteins have been used to test the method: chymotrypsinogen (Freer, Kraut, Robertus, Wright & Xuong, 1970) , carbonic anhydrase (Eriksson, Jones & Liljas, 1988) , cytochrome P-450 (Raag & Poulos, 1991) , glucose oxidase (Hecht, Kalisz, Hendle, Schmid & Schomburg, 1993) and haemoglobin (T state) (Waller & Liddington, 1990) . Coordinates, and other crystallographic data have been taken from the Protein Data Bank (PDB) (Bernstein et al., 1977) .
We have used the value of 20,&3 for the volume of each non-H atom (Andersson & Hovm611er, 1996; Gellatly & Finney, 1982) . Once the number of atoms in the protein is known, we can directly calculate the radius r of the protein, assuming a mathematically perfect sphere. We obtain a radius of 19.7A for chymotrypsinogen using the number of atoms of the protein and the atomic volume of 20,~3, which can be compared to the work by Kraut (1958) who predicted a radius of 19.3 A using hydrodynamic properties such as viscosity, diffusion constants and molecular weight. The relevant data for all the tested proteins are listed in Table 1 .
The molecular scattering of a protein is illustrated in Fig. 1 . The atoms lying on the 0 line will all have the same phase as the point at the centre of gravity of the protein. The centre of gravity of the protein is depicted with a cross in Fig. 1 . The further an atom is from the 0 line the larger is the phase difference. At a certain distance from the 0 line, the scattering from the atoms will start to contribute negatively to the total scattering. For the about ten reflections with the largest d values, the total scattering of the sphere will be in phase with a point at the centre of gravity, Fig. l(a) . For any spherical protein the scattering, in phase and out of phase with the centre, will exactly cancel at a d value of 1.40 × r. Thus, the total scattering will be zero at this point, Fig. l(b) . This d value is the first cross-over, dc_ol.
For reflections with a d value smaller than dc_,,~ the whole protein will scatter 180 out of phase with an atom at its centre as illustrated in Fig. l 
(c).
A second cross-over, dc_o2, is reached at a d value of 0.815 ×r, Fig. l(d) . The scattering continues to oscillate in this way, but we do not expect a good predictive value from our spherical model much beyond the first cross-over. This oscillating dependence is described by the average intensity distribution, i(hr). For a compact sphere (Guiner & Fournet, 1955) the function describes how the scattering intensity varies with radius. 
where F2(hr) is the average of the square of the structure factor, V2p 2 =squared total number of electrons in the molecule, h = 2re~d, r =radius of sphere.
The d values of the first and second cross-over in this work have been calculated using the G function (Rossmann & Blow, 1962) or the interference function, h being a point from the origin in reciprocal space defined above. The interference, scattering or G function does not give any information about the specific value of the phase angles relative to the phase origin of the unit cell. It only tells us for which reflections the entire protein will scatter in phase or 180 out of phase with a point at the centre of gravity of the protein. The scattering dependence for different d values and radii are shown in Fig. 2 .
We have calculated the centre of gravity, (x), (y), (z), of the proteins using,
treating all non-H atoms as C atoms. The centres of gravity of the tested proteins are presented in Table 2 . Calculations of structure factors and phases for the centre of gravity of the protein were carried out using MathCad ® and SHELXL93 (Sheldrick, 1993) .
The atomic scattering profile in the low-angle region (0-2-) is not affected much by the displacement factor (B factor) and we have set the displacement factors to 20,~2 for the calculations of structure factors of the centre of gravity of the protein using, in which F h phcrc is the structure factor for the centre of gravity of the protein multiplied with the corresponding d value in the scattering function, G h. The structure factors of the protein have been calculated using B factors for the individual atoms omitting I G hi in (4). The phases and amplitudes for our spherical model were then compared with the calculated amplitudes and phases of the real protein.
All the presented results are based on calculated structure-factor amplitudes and phases using the coordinates from the PDB.
Results and discussion

Phases
All the phases for the reflections before the first cross-over were correctly predicted by our spherical model for three of the five tested proteins, Table 2 and Table 3 . We considered a phase as correctly predicted if the phase error was less than 45. For the other two proteins, cytochrome P-450 and haemoglobin four out of six and seven out of ten reflections, respectively, were correctly predicted. This implies that the phases of the low-order reflections of these proteins indeed can be predicted by the spherical scattering function. All the five proteins we used are fairly spherical, except glucose oxidase and cytochrome P-450 which are ellipsoid and disc-shaped, respectively.
For haemoglobin and cytochrome P-450 not all reflections before the first cross-over were correct. For cytochrome P-450 this may be due to the fact that the protein has a disc-like shape with dimensions about 11:12:7 (see Table 1 ). One might expect even poorer prediction power for our spherical model for such a non-spherical protein, but when viewing the molecule in the x3., plane the molecule has almost a circular shape and before the first cross-over all reflections are (hk0). This explains why the number of correct phases is still good. The number of reflections before the first crossover for cytochrome P-450 is only six, because accidentally four reflect'ions have almost the same d value as the point at the first cross-over.
The difference in shape between cytochrome P-450 and the other three globular proteins (haemoglobin, carbonic anhydrase and chymotrypsinogen) is much larger than the difference between glucose oxidase and these three proteins. This explains why there are more correctly phased reflections before the first cross-over for glucose oxidase than for cytochrome P-450.
For haemoglobin only seven out of ten reflections were correctly predicted. Haemoglobin is an c~2fl 2 tetramer. A cyl!ndrical hole with a diameter of approximately 7A passes through the centre of the tetramer. The tetramer is spherical, similar to chymotrypsinogen and carbonic anhydrase, and consists of more than twice the number of atoms compared with carbonic anhydrase. The hole in the middle of the molecule does not affect the spherical scattering dependence seriously, since the number of atoms which could fill the hole would be only about 2% of the total number of atoms in the molecule. When we look closely at the three incorrectly phased reflections we see that one of the reflections is very close to the first cross-over and, therefore, must be considered as uncertain, one has a phase error of 55 which is acceptable and one reflection is very weak compared to the other reflections.
For centric reflections there are only two possible values for the phase and thus the phase difference between the predicted and true phase is either 0 or 180. For acentric reflections, on the other hand, the phases can take any value between 0 and 360. We have defined a correct reflection rather strictly as having a phase error A~p = [(/gprotci n -qgsphcrc [ _<< 45 ~. This is not too serious an error considering phases from isomor- It is more important to obtain good phases for the strong reflections than for the weak ones. We have calculated an amplitude-weighted phase error A~0,, as a figure of merit of the phase error as,
A~01fhl
(5) A~0,,_ E IFhl The expectation value of the weighted phase error assuming random phases will be 90 . For all the five proteins (see Table 2 ) A~o,, is < 20 for the reflections before the first cross-over.
As expected, the phases between the first and second cross-overs are not predicted as well by our spherical model as the phases before the first cross-over. At higher resolution both the deviations from a sphere and the internal structural features (or-helices etc.) will become increasingly important. However, for the more or less spherical protein haemoglobin the phases were predicted quite well also between the first and second cross-over, with A~o,,. = 36 .
Amplitudes
The R values of the structure-factor amplitudes, shown in Table 2 , were calculated using,
where sc is the scaling factor. The correlation coefficient, CC has been calculated as a complement to the structure factor R value defined as,
The R value of the structure-factor amplitudes is an important parameter since it will be the restraining parameter for finding the centre of gravity of the protein.
The R values differ very much between the five tested proteins. For carbonic anhydrase the R value before the first cross-over is only 22%, see Table 2 . Chymotrypsinogen and cytochrome P-450 have somewhat higher R values (34.9 and 33.1%). Cytochrome P-450 has also fewer reflections before the first cross-over compared to chymotrypsinogen. Finally, glucose oxidase and haemoglobin have quite high R values (47.0 and 51.2%).
The low R value for cytochrome P-450 can be explained in the same way as for the phases, namely that only the (hk0) reflections are present in this region and thus, the amplitudes comply with the two-dimensional projection of a sphere.
The shape of glucose oxidase is more or less elliptical, but circular like cytochrome P-450 in the ~' plane. However, the R value of glucose oxidase is significantly higher than the R value of cytochrome P-450. A plausible explanation for this is that the packing of atoms in the molecule is not as uniform as in cytochrome P-450 and that glucose oxidase have some residues sticking out which will slightly perturb the distribution of atoms.
Almost the same arguments can explain the higher R value of haemoglobin. It is plausible that the amplitudes are affected to a larger extent than the phases by the hole in the middle of the molecule. Another contributing effect might be that the interfacial geometry between the subunits will be somewhat different compared with a monomeric protein and that the centre of haemoglobin does not see the same distribution of atoms in all directions.
The R value for the reflections between the first and second cross-over are random or very close to random which for non-centrosymmetric space groups is 59%. Errors in our simplified model affect the amplitudes more than the phases and thus the geometrical considerations probably play a more important role for the amplitudes than for the phases. Although the R value between the first and second cross-over for haemoglobin and cytochrome P-450 are nearly the same, the correlation coefficient indicates that the amplitude data for cytochrome P-450 is much worse, see Table 2 .
However, for three of the five proteins tested the reflections before the first cross-over have both correct phases and a low R value and for the other two proteins the phases have been predicted to an acceptable accuracy. We believe that we can find the centre of gravity of the protein from a Patterson search or some other search algorithm in the asymmetric unit using the experimentally measured low-order reflections.
We believe it will be necessary to switch from a spherical model to an ellipsoid in order to phase the reflections in the region between the first and second cross-over of the G function. This means that we need to find six further numbers in addition to the three (x, y, z) coordinates of the centre of the molecule. These are the lengths of the three ellipsoid axes and the orientation of the ellipsoid. At this stage we will need to estimate a total of nine unknowns from 40 or so reflections out to the second cross-over. This might be possible since the over-determination is still about four.
Conclusions
We have presented a method which produces phases for low-order reflections to a satisfactory accuracy for globular proteins consisting of more than 1500 atoms. A feature of the method is that the interference function contained in the rotation function (Rossmann & Blow, 1962) indeed works for our purposes and allows us to get useful phase information also of molecules deviating significantly from a globular shape. By using intensities of the ten lowest order reflections we believe that we can find the position of the protein in the unit cell using Patterson or some other search algorithm for proteins with a shape not deviating more from the spherical shape than those proteins presented here. The error in the position of the protein should not be more than 3-4% of the cell parameters. The technique of collecting good-quality data in the low-angle region and the correction of the bulk solvent to the observed amplitudes are some of the things which are under development and that have to be improved to facilitate the search of the centre of gravity of the protein and thereby a starting envelope. The search program for finding the centre of gravity of the protein is under construction and will be presented in the near future.
Other shapes, such as ellipsoids, must be used in order to use reflections out to higher resolution. The orientation of the ellipsoid may be determined using the molecular replacement method. Phase extension methods, such as direct methods or maximum entropy, might be used to obtain phases for even higher resolution reflections, which are needed in order to discern the internal features of a protein.
